Introduction
Let G be a group and ρ be a subgroup property. This property can be inner, for example, like the properties "to be normal subgroups", "to be subnormal subgroups", "to be almost normal subgroups", "to be ascendant subgroups", "to be permutable subgroups" and so on. Or this property can be outer, defined by some class of groups, for example, like the properties "to be abelian subgroups", "to be non-abelian subgroups", "to be nilpotent subgroups", "to be soluble subgroups", "to be radical subgroups" and so on. Denote by ρ (G) the family of all subgroups of G, having the property ρ. The relationships between the families ρ (G) and ν (G) for distinct properties ρ and ν can be quite varied. The first natural case here is the case when ρ (G) ⊆ ν (G). Such cases have been studied by many authors. For example, if ρ means "to be proper subgroups", then we come to the groups whose proper subgroups have the property ν. This situation has been studied in details for many natural properties ν. One of the most important properties of subgroups is the property "to be normal subgroups". The groups, in which ρ (G) ⊆ norm (G) (here norm (G) is the family of all normal subgroups), have been studied by many authors (see, for example, survey [4] ). Groups whose non-abelian subgroups are normal have been studied. These groups are called the metahamiltonian groups. G.M. Romalis and N.F. Sesekin initiated the study of these groups in [23] [24] [25] . V.T. Nagrebetskij [21] and A.A. Mahnev [18] also investigated metahamiltonian groups. But full description of metahamiltonian groups has been obtained by N.F. Kuzenny and N.N. Semko in [10] [11] [12] [13] [14] [15] [16] . Note that V.T. Nagrebetskij [20] considered finite groups whose non-nilpotent subgroups are normal.
Subnormal subgroups are natural generalization of normal subgroups. In [27, 28] , H. Smith began considering the locally (soluble-by-finite) groups whose non-nilpotent subgroups are subnormal. In particular, he proved that these groups are soluble and moreover, they are nilpotent whenever they are torsion free. A locally finite group, whose non-nilpotent subgroups are subnormal, includes a normal subgroup of finite index, so that all of whose subgroups are subnormal; in particular, such a group is almost locally nilpotent. Finite group theory a more general situation has been considered. V.N. Knyagina and V.S. Monakhov [6] began studying finite groups with subnormal Schmidt subgroups. Later, V.A. Vedernikov [30] obtained description of finite groups whose Schmidt subgroups are subnormal. In this paper, we begin studying the infinite groups whose non-abelian subgroups are subnormal. More precisely, we obtain here description of such locally finite groups. This description is contained in the following theorem.
Main Theorem.
Let G be a locally finite group whose non-abelian subgroups are subnormal. 
where Q is an abelian Hall -subgroup of G;
(iiib) C = C P (Q) is a G-invariant abelian subgroup of P such that P/C is a finite G-chief factor;
(iiid) P/C is a < >-chief factor for every element / ∈ C G (P/C ); (iva) G = PλQ, where Q is an abelian Sylow -subgroup of G;
The reader can recall that a finite -group, is prime, is called special if [P P] = ζ(P) = Fratt(P) is an elementary abelian -group.
Some preliminary results
Lemma 2.1.
Let G be a group whose non-abelian subgroups are subnormal. If L is a normal non-abelian subgroup of G, then every subgroup of G/L is locally nilpotent and soluble.
Indeed, the group whose subgroups are subnormal is locally nilpotent and soluble by the main result of [19] .
Lemma 2.2.
Let G be a group whose non-abelian subgroups are subnormal. Proof. In fact, by being non-abelian, P (respectively Q) is subnormal. Since P (respectively Q) is maximal -subgroup Proof. In fact, if G is abelian, the proof is obvious. Suppose that G is non-abelian. Then G includes a finite nonabelian subgroup K . Let be an arbitrary element of G. Then < K > is finite non-abelian subgroup of G . It follows that < K > is subnormal in G. Since G is locally nilpotent, < K > is nilpotent. Then < > is subnormal in < K > and hence, it is subnormal in G. This shows that G is a Baer group. An application of [28, Theorem 3] Proof. If G is finite, the result follows from the main theorem of [6] . Suppose now that G is infinite. By [28, Theorem 4] , G includes a normal subgroup K such that G/K is finite and every subgroup of K is subnormal. Using the main result of [19] , we obtain that K is soluble. If G/K is abelian, all is proved. If G/K is non-abelian, then Lemma 2.2 shows that every non-abelian subgroup of G/K is subnormal. As we mentioned above then G/K is soluble. Therefore G is soluble.
A group G is called generalized radical, if G has an ascending series whose factors are locally nilpotent or locally finite. Hence, a generalized radical group G has either an ascendant locally nilpotent subgroup or an ascendant locally finite subgroup. In the first case, the locally nilpotent radical of G is non-identity. In the second case, it is not hard to see that G includes a non-identity normal locally finite subgroup. Clearly, in every group G, the subgroup generated by all normal locally finite subgroups is the largest normal locally finite subgroup (locally finite radical). Thus, every generalized radical group has an ascending series of normal subgroups with locally nilpotent or locally finite factors. This class is very large; in particular, it includes the class of all locally finite groups and the class of all hyperabelian groups (in particular, soluble groups). But there are radical groups (even hyperabelian) which are not locally soluble (see, for example, [22, Chapter 8.1 
]).
Observe also that a periodic generalized radical group is locally finite, and hence a periodic locally generalized radical group is also locally finite.
Proposition 2.8.

Let G be a locally generalized radical group whose non-abelian subgroups are subnormal. Then G is soluble.
Proof. Let L be an arbitrary finitely generated subgroup of G and U V be two subgroups of L such that U is a normal subgroup of V and V /U is locally finite. If V /U is non-abelian, then using Lemma 2.2 and Lemma 2.7, we obtain that V /U is soluble. It follows that L is a radical group. Let 
Lemma 2.9.
Let G be a group whose non-abelian subgroups are subnormal. Suppose that A is a finite minimal normal abelian -subgroup of G such that G/A is locally nilpotent, where is a prime. Then A ≤< > for each element 1 = ∈ A and / ∈ C G (A).
Proof. Since A is a minimal normal subgroup, it is an elementary abelian -subgroup. The finiteness of A implies that G/C G (A) is also finite and hence, G/C G (A) is nilpotent. Being nilpotent and finite, it is a cyclic -group (see, for example, [7, Theorem 3.1] ).
Let / ∈ C G (A). Without loss of generality, we may assume that is a -element. Suppose that A includes a minimal 
The structure of locally finite groups having a non-abelian Sylow subgroup
Let G be a locally finite group whose non-abelian subgroups are subnormal. If G is locally nilpotent, then Lemma 2.5 shows that every subgroup of G is subnormal. Therefore we will consider the case when G is not locally nilpotent. Let non-ab (G) denotes the set { | is a prime such that G has a non-abelian Sylow -subgroup}. Corollary 2.4 shows that | non-ab (G)| ≤ 1. Hence, the study splits in the consideration of the following two cases: non-ab (G) = { } and non-ab (G) = ∅. Proof. As we remarked above, it has to be
is not abelian, then Lemma 2.1 shows that H/K is nilpotent. Since P is a finite -subgroup, it is nilpotent. Then G is nilpotent by [5, Theorem 7] . This is a contradiction. Hence, K is abelian.
Corollary 3.2.
Let G be a locally finite group whose non-abelian subgroups are subnormal. Suppose that G is not locally nilpotent and has a non-abelian Sylow -subgroup P for some prime . Then [P P] is abelian.
Proof. Since G is not locally nilpotent but locally finite, it includes a finite non-nilpotent subgroup H. In a similar way, since P is non-abelian, it includes a finite non-abelian subgroup P 1 . Put K =< H P 1 >. Then K is a nonnilpotent finite subgroup of G and the Sylow -subgroup of K is non-abelian. Let Corollary 2.4 shows that for every prime = , each Sylow -subgroup of G is abelian. Lemma 2.1 shows that Q ∼ = G/P is locally nilpotent. Being a direct product of its abelian the Sylow -subgroups of G, = , Q is abelian.
Given a non-trivial abelian -group G and ∈ N, write
where N is the set of natural numbers. Then Ω (G) is a characteristic subgroup of G (see, for example, [2] 
Proof. The mapping
σ : Ω 2 (L/K ) → Ω 1 (L/K ), defined by the rule σ ( ) = , ∈ Ω 2 (L/K ), is a G-endomorphism of Ω 2 (L/K ) and further we have K (σ ) = Ω 1 (L/K ) I (σ ) ≤ Ω 1 (L/K ), so that Ω 2 (L/K )/Ω 1 (L/K ) is G-isomorphic to some G-invariant subgroup of Ω 1 (L/K ). It follows that Ω 2 (L/K )/Ω 1 (L/K )
Lemma 3.5.
Let G be a locally finite group whose non-abelian subgroups are subnormal. Suppose that G is not locally nilpotent and G = PλQ, where P is a normal non-abelian Sylow -subgroup of G, is prime, and Q is an abelian Sylow -subgroup of G. Then [[P P] Q] =< 1 >.
Proof. Put 
The inclusion L ∩ Q ≤ C G (P) implies that Q/C Q (K ) is finite. Using [1, Proposition 2.12], we obtain the following direct decomposition
K = C K (Q) × [K Q]. Suppose that [K Q] =< 1 >. Put A = Ω 1 ([K Q]). Then A = A 1 × · · · × A ,
where A is a minimal Q-invariant subgroup of A 1 ≤ ≤ (see, for example, [8, Corollary 5.15]). If every subgroup A is Q-central, then Lemma 3.4 implies that the upper hypercenter of [K
In particular, this is abelian. Being a finite -subgroup, P 1 is nilpotent. Therefore L is nilpotent by [5, Theorem 7] . But in this case, Q 1 ≤ C L (P 1 ). In particular, A Q is abelian which is a contradiction. This contradiction proves the result.
Lemma 3.6.
Let G be a locally finite group whose non-abelian subgroups are subnormal. Suppose that G is not locally nilpotent and has a non-abelian Sylow -subgroup P for some prime . Then P/[P P] includes a finite minimal G-invariant subgroup V /[P P] such that G/V is locally nilpotent. In particular, G/C G (V /[P P]) is a cyclic -group.
Proof. By Lemma 3.3, G = PλQ, where Q is an abelian Sylow -subgroup of G. By [28, Theorem 4] , G has a normal locally nilpotent subgroup of finite index. It follows that the locally nilpotent radical L of G has finite index. Since P is a normal locally nilpotent subgroup of G, we obtain that 
Theorem 3.7.
Let G be a locally finite group whose non-abelian subgroups are subnormal. Suppose that G is not locally nilpotent and has a non-abelian Sylow -subgroup P for some prime . Then the following assertions hold:
where Q is an abelian Hall -subgroup of G;
(ii) C = C P (Q) is a G-invariant abelian subgroup of P such that P/C is a finite G-chief factor;
(iv) P/C is a < >-chief factor for every element / ∈ C G (P/C );
Proof. (i) follows from Lemma 3.3.
, we obtain the following decomposition
If we suppose that C is non-abelian, then G/C is locally nilpotent by Lemma 2. But in this case, G = P × Q is locally nilpotent which is a contradiction. This contradiction shows that C must be abelian. Since Q acts trivially on the factors of the series < 1 >≤ K ≤ C , as above again we obtain that
The assertion (iv) follows from Lemma 2.9.
Using the three subgroups lemma, we obtain that
As we have seen in the proof of Lemma 3.6, Q/C Q (P) is finite, so that Q/C Q (D) is finite. Using [1, Proposition 2.12], we obtain a direct decomposition 
Proof. Let
be series of normal subgroups whose factors are G-chief. Since G is not nilpotent, there exists a number such that
Without loss of generality, we can assume that is a -element. Since Let P be a Sylow -subgroup of K and consider its normalizer N K (P). If N K (P) is non-abelian, then it is subnormal in G. But in this case, P is subnormal and hence, it is normal. Suppose now that N K (P) is abelian. By Lemma 4.2, G is abelian-by-finite and in particular, it is hyperfinite. Furthermore, the set of all Sylow -subgroups of G is finite for each prime . It follows that the Sylow -subgroups of G are conjugate. As a corollary of this we obtain that the Sylow -subgroups of G are pronormal. Therefore we can apply the main theorem of [9] . By this theorem, K has a normal Sylow -subgroup. In every case K has a normal Sylow subgroup.
Suppose that K = PλQ, where P is a normal Sylow -subgroup of K and Q is a Sylow -subgroup of K . Then K /P is a normal Sylow -subgroup of G/P and we have a semidirect decomposition G/P = K /PλSP/P. If G/P is locally nilpotent, then it is abelian. Thus, we have the inclusion [G G] ≤ P.
Suppose that G/P is not locally nilpotent. Using again Lemma 4.1, we obtain that G/P has a non-abelian Sylow { }-subgroup R/P. Since the Sylow -subgroup of G/Q is abelian, we obtain ∈ { }. Let = . We have R = PλV , where V is Sylow { }-subgroup of R (and hence of G) (see, for example, [3, Theorem 2.4.5] ). An isomorphism V ∼ = R/P shows that V is non-abelian which implies that V is subnormal in G. Being Sylow { }-subgroup of G, V is normal. Lemma 2.1 shows that G/V is locally nilpotent and hence, it is abelian. By Remak's theorem, we obtain an imbedding G/(K ∩ V ) → G/K × G/V which shows that a factor group G/(K ∩ V ) is abelian. Thus, we have Q ≤ K . On the other hand, V is a normal Sylow { }-subgroup of G and therefore it includes every Sylow -subgroup of G. In particular, we have Q ≤ V . Hence, Q ≤ K ∩ V . Clearly, (K ∩ V ) ⊆ { } which proves that K ∩ V = Q. Then Q is normal in G. But in this case, K = PλQ is abelian which contradicts by K being not abelian which proves that G/P is abelian. From this theorem we obtain the assertion (iv) of the Main Theorem.
